Associated with phase transitions there are order parameters, the expectation values of suitably chosen operators that describe the state of the system <O>. Introduced in the 1970's, they have become in recent years of great importance in a variety of systems.
[QPT are also called ground state phase transitions § and/or zero temperature phase transitions.] § R. Gilmore, J. Math. Phys. 20,891 (1979 ESQPT are intimately connected with quantum monodromy. In this presentation, this connection will be discussed.
QPT and ESQPT can be conveniently studied within the framework of algebraic models. For these models one can do both the semi-classical and the quantal analysis, and thus study both semi-classical and quantal monodromy. Also, in many-body systems, finite size scaling (1/N expansion) can be easily investigated. The latter point is particularly important in applications to finite systems: nuclei, molecules, finite polymers, photonic crystals, optical lattices, etc. In this presentation, particular emphasis will be given to the semi-classical analysis of algebraic models.
U(1) Lipkin: schematic model of many-body systems U (2) 1-dim vibron: Stretching vibrations of molecules SO (2) U (2) 2-dim vibron: Bending vibrations of molecules U(3)
SO (3) U(3) 3-dim vibron § : Rotations-vibrations of molecules U (4) SO (4) A list of algebraic bosonic models extensively investigated is given below. These provide a description of many-body problems with degrees of freedom
Rotations-vibrations of atomic nuclei U(6) SU (3) SO (6) List (cont.)
A convenient realization of these models is with a scalar boson, called s, and another boson b m with components. The integer or half-integer number is called 'quasi-spin'. The use of both integer and half-integer allows one to treat problems in both odd and even dimensions. 
GEOMETRY OF ALGEBRAIC MODELS
Geometry can be associated to algebraic models with algebra g by constructing appropriate coset spaces, obtained by splitting g into For bosonic models, the algebra h can be constructed by selecting one boson, b 1 , and choosing † †
Associated with the Cartan decomposition there are geometric variables η i defined by 
AN EXAMPLE. BENDING VIBRATIONS OF MOLECULES: A 2-DIM PROBLEM
Cartesian boson creation and annihilation operators plus a scalar conveniently combined into circular bosons † † , , , (2) (I) U (3) SO (3) SO (2) (II)
Labeling of states (quantum numbers) (2) [N] n U(3) SO (3) SO (2) [N] v or 0 (n=odd or even) or N/2 (N=odd or even)
with Vibrational behavior Different quantum number! A single global quantum number cannot be globally defined, due to the different dynamic symmetries of the two phases.
Energy spectrum for N=40 and ¶ F. Perez-Bernal and F. Iachello, Phys. Rev. A 77, 032115 (2008) 
[u c value of u (numbering of states) at which the separatrix is crossed] 
Monodromy Diagram of NCNCS
One of the best examples of ESQPT and monodromy is provided by the water molecule, H 2 O, which is bent in the ground state and becomes linear at E x~1 1,000cm -1 . ¶ D. Larese, F.
Perez-Bernal and F. Iachello, J. Mol. Struct. 1051 Struct. , 310 (2013 
